The electrostatic and electromagnetic low frequency waves propagating in azimuthal direction in a Hall thruster channel are found to be unstable due to the resistive coupling to the electrons' closed drift in the presence of collisions. The thermal motion of the electrons and their collisions significantly affect the growth of these waves. With respect to the collision frequency, wave number, electron temperature and plasma density, both the instabilities grow in a similar fashion but they behave oppositely under the effects of magnetic field and electron drift velocity. In both the cases, smaller wavelength oscillations are found to be most unstable, and magnitude of the growth rate of the electrostatic wave supersedes that of the electromagnetic wave. The electrostatic instability is more sensitive to the electron collisions in comparison with the electromagnetic instability. On the other hand, the electromagnetic instability is suppressed in the presence of larger ion drift velocity.
INTRODUCTION
Hall thrusters have emerged as an integral part of propulsion technology. Unlike chemicals and electric rockets, in a Hall thruster, the propulsion thrust is achieved by a propellant (usaully Xenon), which is ionized and then acceleated by electrostatic forces. These are versatile electric propulsion devices, where thrust efficiencies can exceed 50% and specific impulses are typically between 20 min and 1 hr. It is interesting that these thrusters adjust their thrust and impulse by varying the acceleration voltage and the flow rate of the propellant. This capability makes them potential candidates for space missions with regard to the spacecraft station keeping, rephrasing and orbit topping applications or the situations where different types of maneuvers require different level of thrust and specific impulse [1] [2] [3] [4] [5] .
The schematic diagram of a typical Hall plasma thruster is given in Fig. (1) . It consists of an axis symmetric and annular discharge chamber with an interior metallic anode. A cathode is mounted externally, which produces electrons outside the discharge channel. Generally Xenon gas is injected at the anode as a propellant, which enters the discharge chamber at low velocity. The positively charged anode inside the thruster and the negatively charged electron cloud outside the channel establishes an axial electric field of strength ~10 4 V/m. By using magnets around the annular channel and along the thruster centerline, a radial magnetic field of moderate strength ( 150 -200G) is created, which is strong enough so that the electrons get magnetized, i.e. they are able to gyrate within the discharge channel, but the ions remain unaffected due to their Larmor radius much larger than the dimension of the thruster. Thus the electrons remain effectively trapped in azimuthally E r B drifts around the annular channel and slowly diffuse towards the anode. This azimuthal drift current of the electrons is referred to as the Hall current. These trapped electrons promote ionization by increasing collisionality. Also they transmit thrust to the thruster body through a magnetic pressure force exerted on the magnets. Not only this, the electrons generating at the cathode play an important role in keeping the plume downstream of the thruster quasineutral, otherwise the ions accelerated out of the thruster can cause hazardous spacecraft charging.
Two types of Hall thrusters have been developed, which can be categorized into two general groups namely magnetic layer type and anode layer type [6, 7] . The magnetic layer type thruster is the Stationary Plasma Thruster (SPT), which was developed in Russia [8] . In such thrusters, the wall is made up of dielectric such as boron nitride or silicon carbide. In addition the length of their acceleration channel is kept greater than the channel width [9] . The electron temperature in such thrusters is generally low and hence a smooth and continuous variation in the plasma potential between the anode and cathode is obtained. On the other hand, the Thruster with Anode Layer (TAL), also developed in Russia [10, 11] , has a narrow acceleration zone. This reduces the loss caused by ion and electron collisions with the walls. The walls of such thrusters are made up of conductor. Since the walls are conductive, a constant potential (same as that of the cathode) is observed along the entire wall. Very high electron temperatures (more than 50 eV) are typically observed in such thrusters.
In order to improve the performance of the Hall thruster, we need to understand the inner physical phenomena such as the instability of the discharge current and plasma oscillations that play an important role in controlling the transport, conduction and mobility in these devices. Different types of the discharge instabilities with frequencies ranging from kHz to GHz have been reported in Hall thruster [12] . Litvak and Fisch [13] have investigated resistive instabilities in a Hall current plasma discharge and found that plasma perturbations in the acceleration channel are unstable in the presence of collisions. Fernandez et al. [14] did simulations for the growth of resistive instability. Keidar [15] has modeled plasma dynamics and ionization of propellant gas within the anode holes used for gas injection of a Hall thruster. He along with Beilis [16] obtained the sheath and boundary conditions for plasma simulations of a Hall thruster discharge with magnetic lenses. Keidar and Boyd [17] have studied the effect of magnetic field on the plasma plume. Litvak and Fisch [18] have analyzed gradient driven Rayleigh type instabilities in a Hall thruster using two fluid hydrodynamic equations. Ducrocq et al. [19] have investigated high frequency electron drift instability in the cross field configuration of a Hall thruster together with the effect of distorted electron distribution functions obtained in particle-in-cell simulations. Barral and Ahedo [20] have developed a low frequency model of breathing oscillations in Hall discharges, where they observed that unstable modes are strongly nonlinear and are characterized by frequencies obeying a scaling law different from that of linear modes. Boeuf and Garrigues [21] have developed a simple 1D transient, quasineutral hybrid model of a stationary plasma thruster, based on which they had estimated the plasma properties and found them qualitatively close to the experimental observations. Chesta et al. [22] have theoretically obtained the growth rate and frequencies of predominantly axial and azimuthally propagating plasma disturbances. Through numerical simulations, they identified the persistence of a low frequency instability associated with the ionization process.
It can be seen that in most of the studies either the temperature of plasma species or the electron collisions have been neglected for the sake of simplicity, though the efficiency and performance of the thrusters are drastically changed by these parameters. Therefore, in order to realize the exact behaviour and the consequences of finite temperature on the thruster efficiency, it is of much importance to investigate the plasma disturbances in Hall thrusters by including the finite temperatures of the plasma species. Under this situation, purely azimuthal electrostatic and electromagnetic waves are found to be unstable due to the resistive coupling to the electrons' E B flow in the presence of electron collisions. Hence, in the present article, we have analytically investigated these resistive instabilities in a Hall thruster in more realistic situation by including the contribution of the pressure gradient force and the collisions of the electrons.
PLASMA MODEL AND BASIC EQUATIONS
A Hall thruster with two-component plasma consisting of ions and electrons is considered in which only the electrons are magnetized and the ions are not. The appropriate coordinate system for investigating the waves and instabilities in such a Hall thruster is cylindrical coordinate system. However, consistent to Choueiri [12] , Ducrocq et al. [19] and Barral and Ahedo [20] we use Cartesian coordinate system for simplification and take the x-axis along the axis of the thruster, i.e. along the applied electric field E x , and the z-axis along the radius of the thruster in which direction the magnetic field B 0 B 0ẑ ( ) is applied. The y-axis corresponds to the azimuthal direction. With regard to various parameters, we take n i ( M ) as the ion density (mass), i as the ion fluid velocity, E as the electric field, B as the magnetic field, n e ( m ) as the electron density (mass), e as the electron fluid velocity, v as the collision momentum transfer frequency between the electrons and neutral atoms. Under this situation, the basic fluid equations for the ion and electron fluids are written as
mn e e t + ( e ) e + en e ( E + e B) + n e mv e + p e = 0 (4)
We consider the perturbations to be potential and nondissipative, and take the perturbed densities as n i and n e , and velocities as i and e along with their unperturbed values as 0 and u 0 , in the x-and y-directions, respectively. The unperturbed density is taken as n 0 , electric field (magnetic field) as E 0 ( B 0 ) and the perturbed value of the electric field (magnetic field) is taken as E 1 ( B 1 ). In view of small variations of both the density and magnetic field along the channel, the plasma inhomogeneities are neglected. The perturbations of the ion and electron densities are taken small enough n i , n e << n 0 ( ) so that the collisional effect due to the velocity perturbations dominate over the one due to the density perturbation, and also the force en 1 E 0 can be neglected in comparison with en 0 E 1 . The linearized form of the above equations thus read
The initial drifts 0 and u 0 of the ions and electrons in the channel are related to the electric and magnetic fields
the unperturbed part of Eqs. (2) and (4). The electron pressure in Eqs. (4) and (8) is given by p e = Y e n e T e together
with T e as the electron temperature, which we consider to be constant, and Y e as the ratio of specific heats.
We seek the solution of the above equations, for which the perturbed quantities are taken as f 1 exp(i t ik x x ik y y) . Here f 1 n i , n e , i , e , E 1 , B 1 together with as the frequency of oscillations and k as the propagation vector. In the next sections, we will derive the dispersion equations for the electrostatic (ES) and electromagnetic (EM) waves, based on which we will estimate the growths of both the waves.
ES WAVES: DISPERSION EQUATION AND GROWTH RATE
For the electrostatic disturbances, u 0 B 1 = 0 is taken in Eq. (8) and the oscillating electric field is written as
together with as the perturbed electric potential. With the help of these, the following expressions for the perturbed ion and e le c tr o n densities ar e obta in ed fro m Eqs. (5 -8) .
where k
The expression for the electron density n e contains the velocity components x and y , which are derived in terms 
In view of waves propagating purely in azimuthal direction in a real thruster, we put k x = 0 and obtain the following from the Poisson's equation k y 2 = e(n e n i ) 0 with the help of Eqs. (9) and (11) k y
The above equation after simplification yields
This is the dispersion equation for the ES waves, showing the effect of finite thermal motion of the electrons, collision frequency, magnetic field, electron drift velocity, azimuthal wave number and ion drift velocity. In order to check the authenticity of this equation, we put T e = 0 and note that this equation reduces to the equation obtained by Litvak and Fisch [13] . In order to find the roots of the above equation, we first solve this for and obtain
Since it is not possible to find an analytical solution of the above equation 2) shows that the ES wave grows at a faster rate in the presence of larger collision frequency of the electrons. It appears that in the presence of more collisions, the resistive coupling of the oscillations to the electrons' E B drift is stronger and the oscillations grow with higher amplitude. This makes the ES waves to grow faster under the effect of higher collision frequency. It is also seen from the figure that the growth rate is higher for the case of larger wave number. Since larger wave number corresponds to the smaller wavelength oscillations, it is evident that the oscillations of smaller wavelengths are more unstable than the oscillations of larger wavelength. This may also be attributed to the stronger resistive coupling of oscillations to the closed drift of the electrons. In addition, it is observed that the growth rate varies almost linearly with the collision frequency and also increases in direct proportion to the azimuthal wave number. The variation of growth rate with the wave number in the present case is the similar observation as made by Kapulkin et al. [24] . Fernandez et al. [14] had also observed an enhancement in the growth rate of resistive instability with the collision frequency.
A new feature of the present calculations is the effect of thermal motion of the electrons on the growth of the ES waves. Fig. (3) shows the variation of growth rate with the electron temperature, where it is observed that the wave grows faster in the presence of larger thermal motion of the electrons. In this case, it is plausible that the resistive coupling of the oscillations be stronger to the electrons' closed drift, resulting in an enhanced growth of the wave. Also it is obtained that the growth gets higher in the plasma of higher density. This is also quite obvious in view of increased collisional effect due to the large density. It would be worth mentioning that the growth of the ES wave in the present case of more realistic plasma with finite T e is 10 5 /s, whereas in a simplified model with the neglect of T e [13] it was obtained as 10 6 Hz. Hence, we can say that these waves grow at a slower rate in a realistic situation. Finally, in Fig. (4) we show the dependence of the growth rate on the electron drift velocity and the magnetic field. Clearly it is observed that the growth of the ES wave is reduced in the presence of larger electron drift velocity. This is plausible, as the resistive coupling of the oscillations to the electrons' drift would be weaker due to the enhanced velocity of the electrons. Moreover, it is evident from the figure that the growth of the ES wave is also suppressed in the presence of stronger magnetic field. The growth is quite sensitive to the change in electron drift velocity and in the presence of stronger magnetic field this sensitivity is enhanced. The reduced growth under the effect of stronger magnetic field is attributed to the weaker coupling of the oscillations to the electrons' closed drift. This happens due to the enhanced gyrofrequency of the electrons and the smaller Larmour radius in the presence of stronger magnetic field. 
EM WAVES: DISPERSION EQUATION AND GROWTH RATE
For electromagnetic waves, the linearized equations (5 -8) are used and the density perturbations are expressed in term of the electric field as
The x-and y-components of the perturbed current density are obtained as
J y = e n e u 0 + n 0 ( iy ey )
From Eqs. (5 -8) the velocity components are obtained and put in Eqs. (17) and (18) . Then, the Maxwell's equations are used in view of the perturbed electric and magnetic fields of the EM wave, and the plasma dielectric tensor ij is obtained as ( xx yy xy yx ) = 0 (19) where the components of the dielectric tensor are given by
together with
It is worth noting that under the limit T e = 0 , Eqs. (15) and (16) reduce to Eqs. (24) and (27) of Litvak and Fisch [13] . Also the tensor components (20 -23) reduce to their respective expressions (32 -35).
As done for the case of ES waves, here also we consider only azimuthal propagation of the waves. So we put k x = 0 and take k y = k in the wave equation (19) (25) After substituting the values of the components of dielectric tensor, we obtain the following dispersion equation for the EM waves 
where various coefficients are given by We solve numerically the dispersion equation (26) for its complex root for the larger values of the magnetic field and drift velocity of the electrons. In an experiment, Wei et al. [25] had also observed an enhancement in the growth of coupling instability with the magnetic field. In the present case, the reason for the enhanced growth rate can be understood as follows. Since the electrons have their drift in the ydirection, they experience the Lorentz force due to the magnetic field in the negative of x-direction, i.e. in the direction opposite to the ions' drift. As the perpendicular / transverse oscillations are important for the EM waves andx direction is perpendicular to the wave vector, the larger Lorentz force helps these transverse oscillations to grow.
Hence, the wave grows faster in the presence of stronger magnetic field. Since the drift velocity can be correlated with the discharge voltage, it can be said that the growth rate is increased with the discharge voltage. Esipchuk and Tilinin [26] had also reported the proportionality of the frequency of drift instability to the discharge voltage. The increase in the growth rate may be attributed to the strong coupling between the electric field and electron current [27] . We can also explain this enhanced growth rate based on the magnitude of the Lorentz force acting on the electrons in the opposite direction to the ions' drift. Since the Lorentz force acting in the transverse direction is enhanced in the presence of larger electron drfit, it is obvious that the transverse oscillations will grow more for the case of larger drift. We have plotted Fig. (6) for examining the variation of growth rate under the effect of collision frequency and the azimuthal wave number. It is clearly seen that the wave grows at a faster rate in the presence of more electron collisions. Since the stronger resistive coupling of the oscillations to the electrons' closed drift requires the electron collisions, it is obvious that this instability will grow faster in the presence of higher collision frequency. On the other hand, almost parabolic nature of the EM graphs shows that the growth of the EM wave is directly proportional to the square root of the collision frequency. During the simulation studies of resistive instability, Fernandez et al. [14] had also observed the growth rate to be directly proportional to the square root of the collision frequency. The dependence of growth rate on the azimuthal wave number reveals that the growth is enhanced for the larger values of the wave number. It means the oscillations of smaller wavelengths are more unstable. Kapulkin et al. [25] have also observed the rate of growth of instability to increase in direct proportion to the azimuthal wave number. On the other hand, in a study of microwave and plasma interaction [28] , instabilities have also been found to grow when the frequency of the microwave was brought down to the near cutoff conditions. The dependence of growth rate of the EM wave on the electron temperature and the density is shown in Fig. (7) , where it is observed that the wave grows faster if the electrons carry higher temperature or their concentration is large. The higher growth rate for the case of higher electron temperature and their large concentration can be explained based on the probability of the collisions. Since the collision is the requirement for the resistive instability, it is obvious that the wave will grow fast if more collisions take place in the plasma. In fact the same is expected in the case of higher temperature electrons, as the probability of collisions is high in the presence of enhanced thermal motion of the electrons. Moreover, their large density will also enhance the collisional effect. Therefore, higher growth is realized for the higher electron density also. Contrary to this, the opposite effect of ion drift velocity is observed on the growth of the EM wave (Fig. 8) . Actually in the presence of their large drift, the ions try to diminish the transverse oscillations of the electrons in the x-direction. Since the transverse oscillations are important for the growth of the wave, the lower growth rate is realized in the presence of higher drift of the ions. 
CONCLUSIONS
We have derived equations in oscillation frequency corresponding to the ES and EM waves propagating in azimuthal direction in a Hall thruster channel, and obtained their solutions numerically. These waves are found to be unstable under the effect of coupling with the electrons' E B drift in the presence of their collisions. Consistent to the observation made by Litvak and Fisch [13] , the ES wave grows faster than the EM wave. Nevertheless, the growth rates of these instabilities attain relatively smaller values under more realistic situation. The growth of the ES wave ranges from 1 35 10 5 -6 9 10 5 /s and that of the EM wave ranges from 1.8 10 4 -11 10 4 /s for the parameters taken in the present study within the prescribed range. The instability corresponding to the ES wave is found to be more crucial.
